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1Multifractal Measures and Martingales




. [2] Feder [3] .
1.1 $f(\alpha)$ $\tau(q)$
$\mu$
$R^{d}$ p.m. , $\{B_{i}\}$ $R^{d}$ $\delta$-mesh
cubes .




. $N_{\delta}(\alpha)$ $\alpha$ , $S_{5}(q)$ $q$
.
$f(\alpha)$ $=$ $\lim_{\epsilon\downarrow 0}\lim_{\downarrow 0}\frac{\log\{N_{\delta}(\alpha+\epsilon)-N_{\delta}(\alpha-\epsilon)\}}{-\log\delta},$ $0\leq\alpha<\infty$ (3)
$\tau(q)$ $=$ $\lim_{\delta\downarrow 0}\frac{\log S_{5}(q)}{-\log\delta}$ (4)
. ,(3) $\log 0=-\infty$ . $f(\alpha)$ multi-
fractal spectrum, $\tau(q)$ mass exponent .


















11([2]) $f(\alpha)$ $\tau(q)$ (5) .




$f$ (5) , $f$ $\alpha$
, strictly convex . $q$















4. $q$ $(\alpha(q), f(\alpha(q)))$






$supp(\mu)$ box-counting $\dim_{B}supp(\mu)$ . $f$
$\alpha=\alpha(0)$ $0$ , $f$ $\alpha=\alpha(0)$ $\dim_{B}supp(\mu)$
.
2) $q=1$ . $S_{\delta}(1)=1$ $\tau(1)=0$
$f( \alpha(1))=\alpha(1)=-\frac{d\tau}{dq}(1)=\lim_{\delta\downarrow 0}\frac{\sum_{\mu(B_{n})>0}\mu(B_{i})\log\mu(B_{i})}{\log\delta}$
4$\mu$ $\dim_{I}\mu$ . $f$ $\alpha=\alpha(1)$
1 . , $h>0$ , $\deltaarrow 0$
$\mu\{\cup B;:\delta^{\alpha(1)+h}<\mu(B_{i})<\delta^{\alpha(1)-h}\}arrow 1$
. $\mu(B_{i})$ $\delta^{\alpha(1)}$ $\delta^{-\alpha(1)}$ $\delta$-mesh cubes
$\mu$ .
1.5 3 Cantor $p.m$ .
$0<p<1$ , . $I=I_{0,0}=[0,1]$ , $n=1,2,3,$ $\ldots$
$I_{n,j}$ $=$ $[ \frac{j}{3^{n}},\frac{j+1}{3^{n}}$), $j=0,1,$ $\ldots,$ $3^{n}-2$
$I_{n,3^{\mathfrak{n}}-1}$ $=$ $[ \frac{3^{n}-1}{3^{n}},1]$
. $I$ p.m. $\mu$
$\mu(I_{n+1,3j})$ $=$ $p\mu(I_{n,j})$ ,
$\mu(I_{n+1,3j+1})$ $=$ $0$ ,
$\mu(I_{n+1,3j+2})$ $=$ $(1-p)\mu(I_{n,j})$ ,
$n=0,1,2,$ $\ldots$ , $i=0,1,$ $\ldots,$ $3^{n}-1$ , . $\mu$
3 Cantor p.m. . $\mu$




$\alpha(q)=-\frac{p^{q}\log p+(1-p)^{q}\log(1-p)}{(p^{q}+(1-p)^{q})\log 3}$ (11)
,(6)
$f( \alpha(q))=\frac{\log(p^{q}+(1-p)^{q})-\frac{q(\rho^{q}\log p+(1-\rho)^{q}\log(1-p))}{p^{q}+(1-p)^{q}}}{\log 3}$ (12)
. (10),(11),(12)
$\dim_{B}supp(\mu)=\tau(0)=\frac{\log 2}{\log 3}$
$\dim_{I}\mu=\alpha(1)=-\frac{p\log p+(1-p)\log(1-p)}{\log 3}$ ,






1.2 (Chernoff a variant $cf.[1],[2]$ ) $X_{1},$ $X_{2}$ , – i.i. $d$ .
$E[\log X_{1}]<\log\gamma$ , $P[X_{1}>\gamma]>0$
$\lim_{narrow\infty}P[X_{1}X_{2}\cdots X_{n}\geq\gamma^{n}]^{1/n}=$ $\sup$ $E[X_{1}^{q}]\gamma^{-q}$
$0\leq q<\infty$
.






$I=[0,1]^{d}$ , $r(\geq 2)$
$I_{n,j_{1},\cdots,j_{d}}= \prod_{k=1}^{d}[\frac{j_{k}}{r^{n}},\frac{j_{k+1}}{r^{n}})$
$F_{n}=\sigma\{I_{n,j_{1},\cdots,j_{d}} : j_{1}, \cdots,j_{d}=0, \cdots, r^{n}-1\}$
$(n=0,1,2, \cdots, j_{1}, \cdots,j_{d}=0, \cdots, r^{n}-1 )$ . $P$ $I$ Lebesgue
, $\mu$ $I$ p.m. , $P$ $E[\cdot]$ .
$Z_{n}= \sum_{j_{1},\cdots,j_{d}=0}^{r^{n}-1}\frac{\mu(I_{n,j_{1},\cdot.\cdot.\cdot.’ j_{d}})}{P(I_{n,j_{1},,j_{d}})}1_{I_{n_{J1,Jd}}},\cdots.$
’ $n=0,1,2$ , $\cdot$ . .
.
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1) $(Z_{n}, F_{n})$ $P$ martingale .
2) $E[Z_{n}]=1,$ $n=0,1,2,$ $\cdots$
3) $0\leq Z_{n}\leq r$
$(Z_{n}, F_{n})$ multifractal
. $-\infty<\alpha<\infty,$ $-\infty<q<\infty$
$N_{r^{-n}}(\alpha)$ $=$ $r^{nd}P[Z_{n}\geq r^{n\langle d-\alpha)}]$
$=$ $\#\{I_{n,j_{1},\cdots,j_{d}} : \mu(I_{n,j_{1},\cdots,j_{d}})\geq(r^{-n})^{\alpha}\}$ ,
$S_{r^{-n}}(q)$ $=$ $r^{nd(1-q)}E[Z_{n}^{q} : Z_{n}>0]$
$=$ $\sum$ $\mu(I_{n,j_{1},\cdots,j_{d}})^{q}$ ,
$\mu(I_{n_{J_{1\cdot\prime}3_{d}}},\cdots)>0$
$\overline{f}(\alpha)$ $=$ $\lim_{\epsilon\downarrow 0}\sup\lim_{narrow}\sup_{\infty}\frac{\log\{N_{r^{-n}}(\alpha+\epsilon)-N_{\gamma^{-n}}(\alpha-\epsilon)\}}{-\log r^{-n}}$
$=$ $d+ \lim_{\epsilon\downarrow 0}\sup\lim_{narrow}\sup_{\infty}\frac{\log P[r^{n(d-\alpha+\epsilon)}>Z_{n}\geq r^{n(d-\alpha-\epsilon)}]}{n\log r}$
$=$ $d+\overline{f}_{0}(\alpha)$ ,
$\underline{f}(\alpha)$ $=$ $\lim_{\epsilon\downarrow}\inf_{0}\lim_{narrow}\inf_{\infty}\frac{\log\{N_{r^{-n}}(\alpha+\epsilon)-N_{r^{-\mathfrak{n}}}(\alpha-\epsilon)\}}{-\log r^{-n}}$
$=$ $d+ \lim_{\epsilon\downarrow}\inf_{0}\lim_{narrow}\inf_{\infty}\frac{\log P[r^{n(d-\alpha+\epsilon)}>Z_{n}\geq r^{n\langle d-\alpha-\epsilon)}]}{n\log r}$
$=$ $d+\underline{f}_{0}(\alpha)$ ,
$\overline{\tau}(q)$ $=$ $\lim_{narrow}\sup_{\infty}\frac{\log S_{r^{-n}}(q)}{-\log r^{-n}}$
$=$ $d(1-q)+ \lim_{narrow}\sup_{\infty}\frac{\log E[Z_{n}^{q}:Z_{n}>0]}{n\log r}$
$=$ $d(1-q)+\overline{\tau}_{0}(q)$ ,
$\underline{\tau}(q)$ $=$ $\lim_{narrow}\inf_{\infty}\frac{\log S_{r^{-\mathfrak{n}}}(q)}{-\log r^{-n}}$
$=$ $d(1-q)+ \lim_{narrow}\inf_{\infty}\frac{\log E[Z_{n}^{q}:Z_{n}>0]}{n\log r}$
$=$ $d(1-q)+\underline{\tau}_{0}(q)$




71) $-\infty\leq\underline{f}(\alpha)\leq\overline{f}(\alpha)\leq d$ , $\underline{f}(\alpha)\neq-\infty$ $\underline{f}(\alpha)\geq 0$ , $\overline{f}\not\equiv 0$



















$\lim_{narrow\infty}E[Z_{n} : r^{n(d-\alpha(q)+\epsilon)}>Z_{n}\geq r^{n(d-\alpha(q)-\epsilon)}]=1$
$\alpha_{-\infty},$ $\alpha_{\infty}$
$\alpha_{-\infty}$ $=$ $\lim\sup ess.\sup_{Z_{\mathfrak{n}}narrow\infty>0}(d-\frac{\log Z_{n}}{n\log r})$ ,
$\alpha_{\infty}$ $=$ $\lim_{narrow}\inf_{\infty}ess.\inf_{Z_{n}>0}(d-\frac{\log Z_{n}}{n\log r})\geq 0$
$[\alpha_{\infty}, \alpha_{-\infty}]$ $f=-\infty$ , $f$ $[\alpha_{\infty}, \alpha_{-\infty}]$
.
82.3 $i$ .i.d. Martingale
$X\geq 0$ $F_{1}$ - $E[X]=1$ r.v. $X$
:
$X=r^{d}p(j_{1}, \cdots,j_{d})$ on $I_{1.j_{1},\cdots,j_{d}}(j_{1}, \cdots,j_{d}=0, \cdots, r-1)$
$p(j_{1}, \cdots, j_{d})\geq 0$ $(j_{1}, \cdots,j_{d}=0, \cdots, r-1)$
$\sum_{g\iota\cdot,Jd}p(j_{1}, \cdots,j_{d})=1$
. $X_{n}(n\geq 1)$ $F_{n}$ - , $X_{1}$ $F_{n-1}$
$r.v$ . , $P$ martingale
$Z_{0}$ $=$ 1,
$Z_{n}$ $=$ $\prod_{k=1}^{n}X_{k}$ , $n\geq 1$
.
$D_{\min}$ $=$ $\min_{\rho(j_{1}\ldots.,j_{d})>0}\log\frac{1}{p(j_{1},\cdots,j_{d})}/\log r(\geq 0)$ ,
$D_{\max}$. $=$ $p(j_{\iota,,\dot{J}d} \max_{)>0}\log\frac{1}{p(j_{1},\cdots,j_{d})}/\log r(\geq 0)$
23
1) $D_{\min}<$ Dma ( , $p(j_{1},$ $\cdots,$ $j_{d})$ ).
$\tau(q)$ $=$ $d(1-q)+ \frac{\log E[X^{q}:X>0]}{\log r}$
$=$ $\frac{\log\sum_{p(,\cdots,j_{d})>0}\dot{J}1p(j_{1},\cdots,j_{d})^{q}}{\log r}$
$f(\alpha(q))=\tau(q)+q\alpha(q)$ , $-\infty<q<\infty$
$\alpha(q)$ $=$ $- \frac{d}{dq}\tau(q)$
$=$ $- \frac{\sum_{p(,\cdots,j_{d})>.0,l)(j_{1},\cdots,j_{d})^{q}\log p(.j_{1},\cdots,j_{d})}\dot{J}\iota}{\sum_{\rho(j_{1},\cdot\cdot j_{d})>0}p(j_{1},\cdots,j_{d})^{q}\log r}$
9$\alpha$ : $(-\infty, \infty)arrow(D_{\min}, D_{Inax})$ decreasing onto .
$f(\alpha)=-\infty$ , $\alpha\not\in[D_{\min}, D_{\max}]$
$\tau(q)=\sup_{D_{\min}<\alpha<D_{m\cdot*}}(f(\alpha)-q\alpha)$
$ftt$
$\alpha(0)=-\frac{\sum_{\rho(j_{1},\cdots,j_{d}).>0}\log p(j_{1},\cdots,j_{d})}{\sum_{p\{j_{1}\ldots j_{d})>0}1\cdot\log r}$
$f( \alpha(0))=\frac{\log\sum_{p(j_{l}\ldots.,j_{d})>0}1}{\log r}(=\dim_{B}supp(\mu))$
.
$f(D_{\min})$ $=$ $\frac{\log\sum_{\rho(j_{1\prime}\cdots.j_{d})=r^{-D_{m}}\mathfrak{n}}j1}{\log r}$
$f(D_{\max})$ $=$ $\frac{\log\sum_{\rho(j_{1\prime}\cdots.j_{d})=r^{-D_{m\cdot x}}}1}{\log r}$
$f( \alpha(1))=-\frac{\sum_{p(j_{1\prime}\cdots,j_{d})>0}p(j_{1},\cdots,j_{d})\log p(j_{1},\cdots,j_{d})}{\log r}=\dim_{I}\mu$
$f$ fixed point .
2) $D_{\min}=D_{\max}$ ( , $p(j_{1},$ $\cdots,$ $j_{d})$ ).
$D_{\min}= \min_{\rho(j_{1},\cdots,j_{d})>0}1/\log r$
$f(\alpha)$ $=$ $\{\begin{array}{l}D_{\min}\alpha=D_{\min}-\infty\alpha\neq D_{m}jn\end{array}$








$i=1,2$ $d^{\langle i)}(\geq 1)$ $r^{\langle:)}(\geq 2)$ .
$I^{\langle i)}=[0,1]^{d^{(i)}}$ $p^{(i)}(j_{1}, \cdots,j_{d(i)})(j_{1},$ $\cdots,j_{d(\cdot)}=$
$1,2,$ $\cdots,$ $r_{i}$ ) 23 p.m. $\mu^{(i)}$ ,
multifractal spectrum $f^{\langle i)}$ . $p^{(i)}(j_{1}, \cdots,j_{d(i)})$
$0$ $p_{j}^{(i)}(j=1,2, \cdots, r_{N_{i}})$ . ,
.
24 $p_{j}^{\langle i)}(j=1,2, \cdots, r_{N_{j}})$ . $f^{(1)}=f^{(2)}$
, $r(\geq 2),$ $m^{\{i)}(\geq 1)(i=1,2)$ , $0$
$pj,$ $(j=1,2, \cdots, r^{d_{B}})$ $r^{\langle i)}(i=1,2)$
$r^{(i)}=r^{m;}$ , $(m_{1},m_{2})=1$
, $p_{j}^{(i)}(j=1,2, \cdots, r_{N:})$ $Pj_{1}Pj_{2}$ $Pj_{m_{j}}(j_{1},j_{2},$ $\cdots,j_{m:}=$
$1,2,$ $\cdots,$
$r^{d_{B}}$ ) . $d_{B}=f^{(i)}(\alpha(0))$ 2 p.m.
support box-counting .
. $f^{(i)}$




. Mandelbrot ( [4])
multifractal multifractal spectrum
. multifractal , p.m. $\mu$ 1
, $(\Omega, Q)$
$\omega$ . ,
$\omega$ multifractal spectrum , $-\infty$
. multifractal spectrum
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